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Lamination Parameters Applied to Reliability-Based
In-Plane Strength Design of Composites
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The efficiency of adopting lamination parameters as design variables for the reliability-based optimization of
a laminated composite plate subject to in-plane loads is presented. The plate failure is evaluated by the first-ply
failure (FPF) criterion, where the ply failure is evaluated based on the Tsai—-Wu criterion. According to the FPF
criterion, the laminated plate is modeled as a series system consisting of every ply failure. The system reliability of
the composite plate is evaluated by Ditlevsen’s bounds. Each ply-failure probability is evaluated by the first-order
reliability method, where the material properties and applied loads are treated as random variables. As numerical
examples, two types of the reliability-based design are formulated in terms of lamination parameters. One is the
reliability-maximized design of the constant-thickness plate. The other is the thickness-minimized design under
the reliability constraint. Through numerical calculations, it is shown that the reliability has a single peak and a
continuous distribution in the lamination parameter space. Consequently, numerical searching rapidly achieves

the optimum solution.

Introduction

AMINATED composite plates are widely used in structural

applications because of their high specific strength and stiff-
ness. Therefore, many studies have been conducted on the optimum
design of laminated composite plates by changing their laminate
constructions.! However, most of them yield the optimum laminate
constructions under deterministic conditions, where the material
properties and the loading conditions are assumed to have no varia-
tions. It has been known that such a deterministicoptimumdesignis
strongly anisotropic and sensitive to change in loading conditions.
Therefore,itis necessary to consider the effect of such variations by
applying the structural reliability theory.? For structural safety, an
optimum laminate configuration design considering the reliability
is important.

The reliability-based design under the in-plane strength via the
first-ply failure (FPF) criterion was already studied.>~> The stud-
ies have shown that the reliability increases as the number of fiber
axes is increased, and that the reliability-based design approaches
a quasi-isotropic configuration. The design is much different from
the deterministic optimum design for which the orientation angle
runs along the loading direction.

The reliability is commonly evaluated by the first-order relia-
bility method (FORM),?> which is formulated as a nonlinear pro-
gramming problem for a nonlinear limit state function. Accord-
ingly, the reliability-based optimization problem is formulated as
a nested optimization problem and, hence, it takes much compu-
tational time. Therefore, significantly improving the calculation
efficiency is difficult.
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For adeterministiclaminate constructiondesignproblem,lamina-
tion parameters were introduced® When the laminate construction
is balanced symmetric, the in-plane mechanical properties are de-
scribed by only two in-plane lamination parameters with weak non-
linearity. Additionally, the laminate constructioncan be determined
easily from the lamination parameter values. Therefore, the lami-
nation parameters have been applied as design variables of several
optimum design problems."’

Accordingly, adopting the lamination parameters as design vari-
ables is considered a good strategy for the reliability-based design.
The first study of the lamination parametersapplied to the reliability-
based design was made for in-plane stiffness or stiffness-related
properties® The study clarified the distribution of in-plane stiffness
variationin the lamination parameterspace, where the material prop-
erties have variations.

This study will make more active use of the lamination parame-
ters for the reliability-based optimization. Specifically, two types of
the reliability-based in-plane strength design problems are formu-
lated in terms of lamination parameters to improve the calculation
efficiency. One is the reliability-maximizeddesign of the constant-
thickness plate. The other is the thickness-minimizeddesign under
the reliability constraint. For a balanced symmetric laminated plate
consisting of 0-, £45-, and 90-deg plies, the plate failure is deter-
mined by the FPF criterion, where the ply failure is evaluated based
on the Tsai-Wau criterion.” According to the FPF criterion, the lam-
inated plate is modeled as a series system consisting of every ply
failure. The systemreliability of the composite plate is evaluated by
Ditlevsen’s bounds.!” As a system component, the ply-failure prob-
ability is evaluated by the FORM, where the material propertiesand
applied loads are treated as random variables.

Through numerical calculations, it is clarified that the reliabil-
ity has a single peak and continuous distribution in the lamination
parameter space. Then the efficiency of adopting the lamination
parameters as design variables is demonstrated.

Laminated Composite Plate

A balanced symmetric laminated plate is considered, shown in
Fig. 1, that is made of a single fibrous material subject to in-plane
loads. The in-plane and flexural responses can be separated for the
symmetric layup condition and also the in-plane extension-shear
coupling cannot happen. Accordingly, only the in-plane stress-
strainrelationshipis considered. The in-planestraine = (¢, €,, €¢)”
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Fig. 1 Symmetric laminated composite plate.

is obtained by the following constitutive equation:

N, Ay A, O €
Nyg=1An An O €2 (1)
Ng 0 0 Ag €

where (N, N,, Ng)" denotes the stress resultant and the matrix A
is the in-plane stiffness of the balanced symmetric laminate. The
subscripts 1, 2, and 6 correspond to the longitudinal, lateral, and
in-plane shear directions, respectively, as shown in Fig. 1.

The ply strain along the material principal direction (e,, €,, e)’
with ply orientation angle 6 is obtained through the plate strain
transformation as follows:

€ cos? 0 sin? @ cos 6 sinf €

€ = sin® @ cos? @ cos @ sinf €

€ —2cosfsin® 2cosfsinh cos?O — sin’ 6 €6
2)

where x, y, and s correspond to the major and minor axes and shear
directions, respectively, along the material principal directions. The
ply stress along the material principal direction (o, oy, o,)" is ob-
tained from the following equation:

6,\' Q XX Q Xy 0 a-,\'
=109y @ O Oy 3
GS 0 0 Q ss U-S

where Q.., Q,,, Q.,, and Q,, are the ply stiffness terms. These
terms are described in terms of four independent engineering ma-
terial constants, Young’s modulus along the fiber direction E,,
Young’s modulus transverse to the fiber direction £, in-plane shear
modulus E,, and Poisson’s ratio v, as follows:

O = E—E 0,, = L
e (EX - ”?Ey)’ v (EX - ”,EE,V)
_ wEE, _
Q. = m O, =E; “4)
Lamination Parameters

Using the lamination parameters, the in-plane stiffness terms A;;
can be describedby the material stiffness and the laminate construc-
tion terms separately:

A U= v vy '
A U, —v: v

22 —n 1 1 2 Uz (5)
A, uio0 =V,
A Us 0 —V;J ’

where (V/*, V) are called lamination parameters determined by
laminate construction, U; (i =1, ..., 5) are material invariants, and
h is the total plate thickness.

The material invariants U; are described by the ply elastic con-
stants Q:

3
U, 4 -4 0 0 Qus
U, =% 1 1 -2 -4 g” 6)
U, 1 1 6 —4
Us Ll 1 -2 4 Qs

The lamination parameters (V*, V") are defined in terms of the
ply orientation angle £6; and the volume fraction v; as follows:

N N

V= Z v; cos 20;, V) = Z v; cos 46; @

i=1 i=1
where N is the number of different ply angle groups,
v+ vt doy =1 ®)

The feasible region of the lamination parameters of the balanced

symmetric laminate is defined by the following inequalities’:

Vy>2vit—1, Vi<1 ©)
Any point inside this feasible region must correspond to laminates
with two or more ply orientation angles.

For a symmetric angle-ply laminate with only one ply orientation
angle, [£60],, where the subscripts denotes the symmetric laminate
configuration with respect to the midplane, the lamination param-
eters, (V/", V') = (cos 20, cos 40), lie on the following parabola as
shown in Fig. 2:

Vi=2V>2 -1 (10)

which is easily obtained from a trigonometric function law.

When the symmetric balanced laminate consists of three kinds
of ply orientation, the feasible region of the lamination parameters
is inside of a triangle, where the three vertices are located on the
parabola of the correspondingply angle. Accordingly, when the ply
orientation angles are limited to 0, £45, and 90 deg, the feasible re-
gion of the lamination parameter space is describedby the following
inequalities:

V) =2V -1, V)= =2V —1, V<1 (1D
where the three vertices (1, 1), (0, —1), and (—1, 1) correspond to
0, £45, and 90 deg, respectively. The feasible triangle is illustrated
as the shaded area in Fig. 2.

V2
90° 1 0
+75° 05 +15°

Fig. 2 Lamination parameter space of symmetric balanced laminate;
the shading indicates the feasible region of [0, 345, 90]; laminate.
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Strength Analysis
The ply strength is evaluated via the Tsai-Wu criterion.” The
failure envelope is described as an ellipsoid in the stress space:

E\',\'UXZ +2E\'ya-,\'a-y + Fyya-f + FYSU-SZ + Fiox + }rya-y -1=0 (12)

where material strength parameters F.., Fyy, Fy,, Fy, Fy, and F,
are defined by the material strengths as follows:

Froo = 1/(X, X)), Fyy, =1/(Y,Y)

L
Foy = F} (F F))7, Fy=1/$°

F.=1/X,-1/X,, Fy=1/Y,—1/Y.  (13)

where X, and X, are the tensileand compressive strengths along the
fiber direction, respectively; Y, and Y, are the tensile and compres-
sive strengths perpendicularto the fiber direction, respectively; and
§ is a shear strength; F¥ is the correlation constant between each
strength parameter and is set to —0.5.

In this study, the Tsai-Wu criterion in the strain space is adopted
because of the calculation efficiency of the reliability analysis.!!
The Tsai-Wu criterion in the strain space is described as

G”ef +2G, €€y + nyef + G”ef +Gie. +Gyey, —1=0

(14)

where the strength parameters in the strain space G, G,,, Gy,
G,,, G, and G, are obtained by substituting the ply stress-strain
relationship (3) into Eq. (12) as follows:

G = Fu 0%, +2F 0 0y + F,, 02

G,y =F. an +2F,0.,0,, +F), Q%»
Giy = Fix Qe Oy + FXy(QM 0y, + Q,%y) +Fy 0.y Qyy
G, = F,, 03, G, =F.0.+FQ0,

Gy = FxQxy + Fyny (15)

Strength Ratio

The strengthratio R; is defined as the ratio between the ply failure
strain € and the ith ply strain €; = (¢, €,, éx)[T under the propor-
tional loading assumption’:

€r = Rig; (16)

The ply-strength ratio R; is evaluated by solving the following
quadratic equation obtained by substituting Eq. (16) into Eq. (14):

(G”ef +2G, €€, + nyef + G”ef) R?
+(Gye + Gye)R —1=0 (17

In this study, the FPF criterion is adopted. That is, the plate
strength ratio is represented by the smallest ply strength ratio:

Ry = min R, (18)

The plate is considered a failure when Ry, is less than unity as
shown in Fig. 3.

Reliability Analysis
The reliability subjectto the FPF criterionis evaluated by model-
ing the plate failure as a series system consistingof every ply failure,
where the material constantsand the applied loads are treated as ran-
dom variables.

€y
e ~._ oot
-7 ~.
// ~,
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/ *45°, =
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'. /
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Fig. 3 Failure envelopes of [0, 1245, 90]; laminate in the strain space.

region

W) =0\ Linearized
Fig. 4 First-order reliability method (FORM).

Ply-Failure Probability
The reliability of each ply failure is evaluated by FORM.? The
limit state function of the ith ply is defined as follows:

>0 safety
&@=hw=R —-14=0
<0 failure (19)

limit state

where R; is the strength ratio of the ith ply defined in Eq. (17)
and u is a random vector transformed into the standardized normal
distribution space (U space) from the original random variable z.
The reliability index is evaluated through the following nonlinear
programming problem:
Minimize: 8; = Vu'u, subjectto: i;(u) =0 (20)
As shown in Fig. 4, the limit state function is linearized at the

design point. Then the failure probability is evaluated by using a
standardized normal distribution function:

—Bi 1 x2
P=®(-8) = / N exp (—7> dx 21)
—0 T

It is known that problem (20) has multiple local optima, because
limit state function (19) is strongly nonlinear. Premature conver-
gence will yield the overestimation of the reliability. To avoid the
prematureconvergence,a globaloptimizationmethod shouldbe rec-
ommended for the numerical searching. In this study, the modified
tunneling method suitable for the FORM developedby the authors'?
is utilized as one of the global optimization methods. The tunneling
algorithm!® and the modified tunneling function for the FORM are
described in the Appendix.
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System Reliability
The plate system is modeled as a series system consisting of each

ply failure. The system reliability is approximated by Ditlevsen’s
bounds!'?:

PLSRYSPUa

P, =P+ imax(P[ — [X_I:P[j, 0)

i=2 j=1

i=1 i=2

where P; is the ith ply failure probabilityand P;; is the joint probabil-
ity of the ith and jth ply failures; m is the number of failure modes,
which is set to 4 for the symmetric balanced laminate consisting of
0-, +45-, and 90-deg plies.

The reliability indices of the lower and the upper bounds are eval-
uated by using the inverse of the standardized normal distribution
function:

Bu = Bs < B¢, BL=—D7'(P), Bu=—o7"(Py) (23)
The reliability index By corresponding to the upper limit Py is
regarded as the system reliability index.

Numerical Examples

As numerical examples, a symmetric balanced laminated com-
posite plate consisting of 0-, 245-, and 90-deg plies with the plate
size of 0.1 x 0.1 m? and 1.0 mm thickness is used. The material
properties are assumed to be normally distributed, where the means
and coefficients of variation are listed in Table 1. Two applied-load
cases with normal distributionare considered, where the means and
standard deviations are listed in Table 2.

The objectiveis to demonstratethe effectivenessof adoptinglam-
ination parameters as design variables on the reliability-based op-
timization. At first, it is demonstrated that the reliability has a sin-
gle peak and continuous distribution in the lamination parameter
space. Then the FORM is confirmed to have enough accuracy for
the optimizationin comparison with crude Monte Carlo simulation.
Additionally, it is demonstrated that the continuous reliability dis-
tributionin the lamination parameter space is obtained for the other
types of random distribution, because assumption of the normal
distributionis not always correct for practical situation. Finally, the
efficiency of adopting the lamination parameters as design variables
is demonstrated for two types of reliability-based optimization.

Table1 Material properties of T300/5208

Random variable Mean Cov?
E., GPa 181.0 0.05
E,,GPa 10.3 0.05
E;, GPa 7.17 0.05
Vy 0.28 0.01
X;, MPa 1500.0 0.1
X., MPa 1500.0 0.1
Y;, MPa 40.0 0.1
Y., MPa 246.0 0.1
S, MPa 68.0 0.1

*Coefficient of variation.

Table2 Loading conditions

Load case 1 Load case 2
Stress resultant Mean SD*? Mean SD
N1 (MN/m) 0.1 0.03 0.1 0.03
N, (MN/m) 0.1 0.03 0.05 0.03
N (MN/m) 0.0 0.03 0.04 0.03

#Standard deviation.

14 V2

\t»}

a) Load case 1

2
\

b) Load case 2

Fig. 5 Reliability distribution in lamination parameter space.

Reliability Distribution

At first, the reliability distribution in the lamination parameter
space is investigated. The reliability contour curves for both load
cases are illustrated in Fig. 5. These contour plots are drafted from
the reliability evaluations by the FORM at 221 grid points with
every 0.1 spacing in the lamination parameter space. It is found
that the reliability has a single peak and a continuous distributionin
the lamination parameter space. This fact implies that adopting the
lamination parameters as design variables will be a good strategy
for the reliability-based optimization.

Confirmation by Monte Carlo Simulation

The accuracy of the FORM is confirmed by comparing with the
crude Monte Carlo simulation. In the Monte Carlo simulation, the
reliability index is evaluated via 107 iterations of random analyses
at the 221 lattice points. The reliability contour for both load cases
are illustrated in Fig. 6, where the solid curves are drawn from the
Monte Carlo simulation results and the dotted curves are from the
FORM of Fig. 5.

Additionally, the obtained results at near-optimum designs are
compared in Table 3. The coefficient of variation on the estimated
failure probability, COV (P) is sufficiently small, which means that
the failure probability obtained by the Monte Carlo simulation is
close to the true value.

Because COV (Py) at the points with smaller reliability is usu-
ally smaller than that at this point, the Monte Carlo simulation is
accurate enough in the whole lamination parameter space. This
implies that the FORM would overestimate the reliability. More
accurate reliability would be obtained by using a higher order
analysis such as the second-order reliability method.>? However,
it takes additional computational time after obtaining the relia-
bility index. Because the reliability obtained by the FORM is al-
most identical to that by the Monte Carlo simulation as shown in
Fig. 6, adopting the FORM is reasonable for the reliability-based
optimization.
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Table3 Comparison between FORM and Monte Carlo simulation

Load case 1, (V, Vz*) =(0.0, —0.2)

Load case 2, (V, Vz*) =(0.1, —0.3)

Simulation 8 Py COV(Py) 8 Py COV(Py)
Monte Carlo 3.867 5.52x 1073 0.0426 3.834 6.31 x107° 0.0398
FORM 3.927 429%x 107 — 3.910 4.61 x1073 —

*Coefficient of variation on the failure probability.

b) Load case 2

Fig. 6 Comparison of reliability distributions between Monte Carlo
simulation (solid curves) and FORM (dotted curves).

Effect of Probabilistic Distribution Type

Assumption of normal distributionis not always correct for prac-
tical situations. Therefore, the other types of distribution type, log-
normal and Weibull distributions, are investigated. These distribu-
tions as well as normal distributions are often used for structural
reliability models.

Figure 7 shows reliability contour plots of load case 2 in the
lamination parameter space under the case where the material prop-
erties are assumed to have log-normal or Weibull distributions with
the same means and coefficients of variation as Table 1. On the
other hand, the applied loads are assumed to have the same normal
distribution as the preceding examples. The plots show that the dis-
tribution types have large effects on the reliability index value and,
hence, the reliability-maximizedpoint will be shifted. However, the
reliability has continuous and single-peak distributionsin the lami-
nation parameter spaceregardlessof distributiontypes. This implies
that the lamination parameter is useful as a design variable for the
reliability-based optimization.

Reliability Maximization
The reliability is maximized in the lamination parameter space
for the laminated plate with constant thickness of 1.0 mm.

Table 4 Reliability-maximized design.

Parameter Load case 1 Load case 2
v 0.0 0.139
V2* —-0.212 —0.358
Bopt 3.927 3.956
ho, mm 0.197 0.230
hi45, mm 0.606 0.679
hogp, mm 0.197 0.091

4

7
\

a) Log-normal distribution

-1

b) Weibull distribution

Fig. 7 Reliability contour for other probabilistic distribution types in
load case 2.

The convergence process of load case 1 from the initial design
(V", V;)=1(0.5, 0.5) is overplotted in Fig. 5a. The path shows that
the optimization run converges to the optimum design smoothly.

The obtainedoptimum designsare listed in Table 4. The ply thick-
ness is obtained through the definition of the lamination parameters
as follows:

—_ *
Uo—Ugo—Vl,

— * —
UU—U45+U90—V2, UU+U45+U90—1

(24)

In both cases, the optimum designs are located inside of the feasible
regions, which require all of the ply orientation angles, 0, £45,
and 90 deg. This is in good contrast with the deterministicoptimum
design, whichis located at the boundary of the lamination parameter
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Table 5 Thickness-minimized design
Parameter Load case 1 Load case 2
v 0.0 0.156
vy —0.204 —40.356
hopt, mm 0.821 0.814
hgy, mm 0.163 0.195
N 45, mm 0.495 0.552
hgp, mm 0.163 0.067

2205

.. Optimum point

1.0

Vay
10
15
20
25
2.
-1 N v
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a) Load case 1

Optimum point

b) Load case 2
Fig. 8 Strength ratio distribution under the mean applied load.

space and hence consists of only two kinds of ply orientationangles,
as shown in Fig. 8.

Thickness Minimization

The plate thickness is minimized under the reliability constraint,
Bu <3.0, where the plate thickness is treated as a design variable
in addition to the lamination parameters.

The convergence history for load case 2 is shown in Fig. 9. It is
foundthat the searchingreaches convergencesmoothly. The search-
ing is started from (V}*, V}*) = (0.5, 0.5) with the plate thickness of
1.0 mm. At the early stage, the plate thickness is decreased, but the
reliability is improved by moving the lamination parameter value
from the initial violated design. Then the searching reaches near-
optimum design by four iterations.

The optimumdesignsforbothcases are listedin Table 5. The opti-
mum lamination parameter valuesand, hence, the optimum laminate
constructions are very similar to the reliability-maximized design
in Table 4.

Finally, the reliability contour at the optimum thickness is shown
in Fig. 10. It shows that any design except for the obtained point has
lower reliability and, hence, the obtained result is a true optimum.

T T T 3'2
—_ 1
S mw - w—a—u-u w43
£ Reliability index o
A &
3 09 1288
£ <
= 1263
O 08 2
5] ' Plate thickness
o | 124
0.7 ! ! i i ! ! 20
0 2 4 6 8 10 12
lteration number
a) Plate thickness and reliability index
06 T T T T T T
0.4 |
§ *
g 02 Vi §
c
g 0 ]
c
o
@ -0.2 . -
£ N v
S 04| —m--E-E -8 AR —R—W
-0.6 | 1 1 | 1 1

0 2 4 6 8 10 12
Iteration number
b) Lamination parameters

Fig. 9 Convergence history of the thickness-minimizationdesign (load
case 2).

Va

0.001

Optimum point

a) Load case 1

Optimum point

b) Load case 2

Fig. 10 Reliability index contours at the optimum thickness on the
thickness-minimized design.
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Conclusions

In this study, the laminationparametersare adoptedas design vari-
ables for the reliability-based optimization of the laminated com-
posite plate subject to in-plane loads. The reliability for the FPF
criterion is evaluated by modeling the series system consisting of
each ply failure. The mode reliability is evaluated by the FORM,
where the material properties and applied loads are treated as ran-
dom variables. Then the system reliability of the composite plate is
evaluated by Ditlevsen’s bounds.

Through numerical calculations, the following conclusions are
remarked:

1) The reliability has a single peak and a continuous distribution
in the lamination parameter space regardless of distribution types:
normal, log-normal, and Weibull distributions.

2) The FORM is confirmed to have a sufficient accuracy for
the reliability-based optimization in comparison with crude Monte
Carlo simulation.

3) Consequently,adopting lamination parameters as design vari-
ables is considered a good strategy for the reliability-based opti-
mization. This is demonstrated by the two types of reliability-based
optimum design problem, that is, the reliability maximization of the
constant-thickness plate and the thickness minimization under the
reliability constraint.

The future problem is to apply the lamination parameters to other
reliability-baseddesign problems such as buckling reliability. Also,
itis importantthat the proposed method be applied to the reliability-
based design problem of a large composite structural system. Ad-
ditionally, more efficient numerical strategies are required for the
reliability analysis and the optimization.

Appendix: Tunneling Algorithms for FORM

Itis necessaryto obtaina global design point for accuratereliabil-
ity evaluationby the FORM. For this purpose, the authors proposed
to make use of the tunneling method,'* which is known as one of
the global optimization methods. The authors proposed a new tun-
neling function suitable for the FORM that includes the equality
constraintof the FORM on the tunneling function.!” Herein the tun-
neling method and the proposed tunneling function for the FORM
are briefly described.

Tunneling Algorithm

The tunneling algorithm will find the global optimum point by
iterating two phases: the minimization and the tunneling phases
shown in Fig. Al. In the minimization phase, a local minimum x*
is searched by a conventional optimization method. The tunneling

FACY)
x)
0
VAV
X N \
*
) Xy = Xg
0
T() — Minimization phase
-— Tunneling phase
o * 0 X g

X X

Fig. A1 Geometric interpretation of the tunneling algorithm and
tunneling function.

phase finds another point x° that has the same value for the objective
functionas thatof the local optimum but differs from the local point;
f(x%) = f(x*), x° #£x*. To move from x*, the tunneling function is
defined by introducing a pole at the local optimum:

T — LW = G

[ —x)T(x —x))

(AD

where A is a pole strength parameter. Another point x° satisfies
T (x%) =0, but x° £ x* is searched via a kind of Newton method.
The name tunneling method comes from the process of finding x°
just like digging a tunnel under a mountain between x° and x*.

The tunneling phase is started from the perturbed point from the
local optimum:

x=x"+e¢€ (A2)

where € is a random vector with |e| < 1. The pole strength A is
determined so that the tunneling function will decrease as the point
ismoved away. When the pointx? satisfying 7' (x°) = 0 is found, the
pointis used as a starting point at the next minimization phase.

On the other hand, the minimization phase is converged to the
point x7,, with T (x7,,) > 0; the tunneling function is regarded as
having a waving property. That is, the tunneling function has mul-
tiple local minima with positive values. In that case, the tunneling
functionis modified by introducingthe movable pole at the local op-
timum points. Then the tunneling search is repeated until the zero
point is found. The modified tunneling function is written in the
following form:

fx) — fx")

T = [(c =27 (x —x)]H [ —x™)T (x —x™)]" (A

where x™ is a movable pole that is located at xr,, and 7 is the

movable pole strength. Then the searching process is repeated to
find the point 7' (x) < 0. The starting point is randomly selected as
follows:

x=x"+e¢€ (A4)

If the pointx? satisfying 7 (x°) =0 is found, the tunneling phase
is finished and the pointis used as a starting point for the next min-
imization phase. Otherwise, the tunneling search with the movable
pole is repeated with a different initial point.

‘When the number of the search reaches the allowable limit, the
tunneling phase is restarted from a new randomly selected point of
Eq. (A2).

After several successive numbers, if the whole tunneling phase
fails to find the better solution, the local optimum found in the
previous minimization phase is regarded as the global optimum.!?

An optimization algorithm can be adopted to find the minimum
point of T (x) instead of finding the zero point 7'(x) =0. When the
point that satisfies the condition 7' (x) < 0 is found during the opti-
mization run, the minimization is broken off to start the next local
minimization phase. The flow of the tunneling phase is illustrated
in Fig. A2.

The concept of this algorithmis easily comprehended. However,
the method is not widely applied to engineering design problems
because of the difficulty of treating constraint conditions.!*

Tunneling Function Suitable for FORM

Itis difficultto directly apply the tunneling method to the FORM,
because a limit state function must be treated as an equality con-
straint. To build in the constraintto the tunneling function (A1), the
tunneling function is modified as follows:

2
T = f) — f@)+ alh@)] (A5)

[ —u)" (u—u")]

where u* denotes a local design point, f(u) is the objective
function defined as the square of the distance from the origin
f@)=p*=u"u, and « is a penalty parameter.
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Minimization phase
Find x”

l

|1. Start tunneling phase |

—-| 2. Introduce movable pole x” |

[Check descent property | [Check descent property |

|Determine pole strength A |

Determine movable pole
strength &

Check Convergence

| Go to next minimization phase| criteria
satisfy Not
Go back
I to1or2.

No more improvement.
Stop tunneling algorithm.
xo=x

Fig. A2 Flowchart of the tunneling algorithm.

The penalty parameter is set as a multiplier of the limit state
function value at the origin:

a=k-h(0) (A6)

where k is a positive number that is determined after some numer-
ical experiments. Because the original objective function f (u) has
absolute minima at the origin # = 0, the tunneling function should
be sufficiently large at the origin.

In the tunneling phase, an optimization algorithm is adopted to
find the minimum point of T () instead of searching the zero point
T@w)=0, (u#u*).

The tunneling function with movable pole (A3) is rewritten as
follows:

Tu) = f(u)— f@)

alh@?P
[ — )T @ — )P — w) @ —um))

(A7)
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